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ABSTRACT. We give an explicit construction of a closed curve with constant 
torsion and everywhere positive curvature. We also discuss the restrictions on 
closed curves of constant torsion when they are constrained to lie on convex 
surfaces. 



1. Introduction 

In a remarkable note in 1887, KOENIGS lTT4l gave a geometrical argument that 
a spherical curve B(s), parametrized by arclength s, could be used to produce a 
curve 7(5) of constant torsion r by means of the integral formula 

If dB 

7(a) = — B x —— ds. (1.1) 
t J ds 

This (as will be shown in the sequel) follows immediately from the Frenet-Serret 
formulas if one thinks of the curve B as the binormal vector of 7. Subsequently, 
various contemporary authors, notably FOUCHE (TO]], LYON [fT31 . and FABRY 0, 
developed this representation (attributed in (T51 to Darboux) to study more fully 
curves of constant torsion, especially in the algebraic case. This study was facili- 
tated by the observation that the integral formula (11.21 ) could be realized in terms 
of a trio of arbitrary functions h, k, and I in a manner analogous to the Weierstrass 
representation for minimal surfaces in terms of a triplet of analytic functions whose 
squares sum to zero. More precisely, the representation for a curve of constant tor- 
sion is given by 

Idk — kdl 



t J h? + k 2 + l 2 ' 
1 f hdl-ldh 



t J h 2 + k 2 + l 2 ' 
1 f kdh — hdk 



(1.2) 



t J h 2 + k 2 + l 2 ' 

These authors present numerous examples of algebraic curves of constant torsion, 
but, as far as we can tell, they do not consider the problem of finding curves of this 
type that are closed. Examples of such curves were found much later by CALINI 
and IVEY 0, who applied the method of Backlund transformations to a gener- 
alized class of closed elastica to find new examples of curves of constant torsion. 
Their work exploits the intimate connection between curves of constant torsion and 
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surfaces of constant negative Gaussian curvature and involves some rather sophis- 
ticated machinery. What is interesting here is that the examples they give all have 
curvature that changes sign. In a parallel line of research, several authors proved 
related versions of the four vertex theorem and showed, in particular, that there 
is no simple closed curve of constant nonzero torsion on a convex surface and no 
closed curve of constant nonzero torsion on a sphere. 

It therefore came as a pleasant surprise to us when we found an explicit con- 
struction of an unknotted closed curve of constant torsion and everywhere positive 
curvature. We turn to this construction after reviewing some basic properties of 
the Frenet equations. This is followed by a discussion of curves of constant tor- 
sion on convex surfaces and further notes on the literature. Related matters will be 
discussed in a companion paper [ 1 ] in preparation by the authors. 

1.1. The Frenet equations, signed curvature, and the Darboux representation. 

We review the Frenet equations (or Frenet-Serret formulas), first of all, to estab- 
lish some notation conventions. Furthermore, as many authors (e.g. Stoker EUll ) 
claim that curves in M 3 have positive curvature by definition, we use this opportu- 
nity to clarify what we mean by curvature that changes sign. 

By means of parallel translation, we can identify a map F : [0, L] — > SO(3) 
from the closed interval [0, L] into the special orthogonal group with a moving 
frame along 7. We refer to such a map as a. framing of 7, and we say that the pair 
(7, F) is a framed curve. By convention, we write F = (/1, /2, /a), where fx, f'2, 
and are the column vectors of F. Suppose further that A : [0, L] — > so (3) is a 
map from the interval [0, L] into the Lie algebra so (3) of skew-symmetric matrices. 
The fundamental theorem of ordinary differential equations then guarantees that 
the system defined by the equations 7' = fx and F' = FA has a solution that is 
unique up to a choice of initial conditions 7(0) = 70 and F(0) = Fq. It follows 
immediately that fx = T is the unit tangent field of 7 and that 7 is parametrized 
by arclength. Suppose now that n and r are continuous functions on [0, L], which 
we assume to be at least piecewise continuously differentiable. Then, in the special 
case that A has the form given in (1 1 -3b . we say that F is the Frenet frame of 7, and 
that f 2 = N and fy = B are the principal normal and binormal, respectively, of 
the curve. Furthermore, we refer to the system 

/ — k \ 

7 ' = T, F' = FA, A=\k — t J . (1.3) 

\0 t / 

as the Frenet equations associated to 7. Note that the Frenet equations are usually 
given as 

T' = kN, T' = -kT + tB, B' = -tN. (1.4) 

The matrix form of these equations is F' = F A, which we have augmented with 
the tangent equation 7' = T for convenience. 

We recall that the pairs (T, N), (N, B), and (B, T) span, respectively, the oscu- 
lating plane, the normal plane, and the rectifying plane of 7 for a given value of s. 
The curvature k measures the rate at which 7 bends in the osculating plane and the 
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torsion r measures the rate at which the normal plane rotates about T. We say that 
the curvature function k : [0, L] —> M 3 is admissible if, in addition to the above 
continuity assumptions, it has only isolated zeros and if k'(s) exists and is nonzero 
whenever k(s) = 0. We assume throughout that k is admissible. The curve 7 is 
uniquely determined, up to translation, by the Frenet frame F, and, conversely, F 
is uniquely determined by 7 if the curvature k is admissible. We will say that k is 
signed if it is admissible and vanishes at least once in the open interval (0, L). 

The curvature of 7 is often defined as k = \\T'\\, where || || denotes the Eu- 
clidean norm. It is argued that, although signed curvature can be defined for plane 
curves, no intrinsic meaning can be given to the sign of curvature for curves in R 3 
since a plane curve in M 3 can be mapped by a rigid motion onto a congruent curve 
with (planar) curvature of opposite sign. We hold, however, that the transition of 
curvature from positive to negative values (or vice-versa) is a real geometric prop- 
erty of a space curve: the introduction of signed curvature only weakens somewhat 
the uniqueness of k given 7 (up to rigid motion). Providing 7 with a framing (that 
we always suppose to be consistent with the standard orientation of M 3 ) removes 
this ambiguity. 

Note that if k is signed, then k(sq) = if and only if 7 passes through its 
rectifying plane (T, B) at 7(so)- Informally, a curve of constant torsion and slowly 
varying curvature will look roughly like a helix for which a directrix (i.e. an axis) 
can be defined. A rapid change of sign in the curvature then results in a change 
of direction of the curve's directrix, causing it to move to the opposite side of the 
rectifying plane where k vanishes. It was a long standing belief of one of the 
authors that this sort of behavior is necessary in order to obtain a closed curve of 
constant torsion. We provide a counterexample to this hypothesis in the Section |2] 

It is sometimes useful to consider different framings of a curve, so we point out 
here how two framings are related. Suppose that F is another framing of 7. Then 
F is related to F by the rule F = F g^ 1 for some map g : [0, L\ — > SO(3). One 
easily verifies that F' = F A, where A = —g g^ 1 + g A g^ 1 , and that the tangent 
equation becomes 7' = f\ g. This transformation can be thought of as a change of 
gauge, where g^ 1 is used instead of g to make the map F — ^ F g~ l a left action, 
and we see that it results in a system of equations equivalent to (I1.3I ). giving rise to 
the same curve 7 as a solution. Of particular interest is the Darboux frame, which 
is a framing that is adapted to a surface containing the curve. Its precise definition 
and properties will be discussed in Section [3] 

To close this section, we indicate how the Darboux representation (11.2b for a 
curve of nonzero constant torsion is derived from (11.4b . and then we prove a simple, 
but fundamental, proposition. Regarding the former, one simply substitutes N = 
—B'/t into the equation T = N x B and integrates to obtain (ll.lb . Then ([L21 
is obtained by substituting B = (h, k, I) / (h 2 + k 2 + l 2 ) for an arbitrary choice of 
functions h, k, and /. 

PROPOSITION 1.1. Suppose that B is a curve on the unit sphere parametrized by 
arclength, and suppose that 7 and B are related by ( 17.71 ). where r is a nonzero 
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constant. If Kg denotes the geodesic curvature of B, then Kig — T K>, where k and 
t denote the curvature and torsion of '7 respectively. 

Proof The unit tangent to 7 is given by T = B x B'/t. It follows that T _L B 
and T _L B', from which we conclude that Kg = (B", T), where ( , ) denotes the 
Euclidean inner product on M 3 . However, by dl.4| ), we have that B" = (— r N)' = 
ktT -t 2 B, and hence that K® = {ktT + t 2 B,T) = kt. □ 

2. Curves of constant torsion in space 

In this section, we use the Darboux representation (11.21 ) to construct examples 
of closed curves of constant torsion in M 3 . The basis of our construction is the 
introduction of a two-parameter family of spherical curves B = (h, k, I), where h, 
k, and I are certain trigonometric polynomials satisfying h 2 + k 2 + I 2 = 1. Closed 
curves of constant torsion are then obtained by finding parameter values that make 
the integrals in (11.21 ) vanish. 

2.1. A two-parameter family of spherical epicycles. We begin with an illustra- 
tive example for a planar curve to motivate our approach. By Stokes' theorem, the 
planar curve 

p(t) = (x(t),y(t)) = (acost + 6cos(-2i),asmi + 6sin(-2i)) (2.1) 
encloses the oriented area 

1 f 2n 1 f 

2j (xy'-yx')dt = - j xdy - y dx = vr(26 2 - a 2 ), 

where denotes the trace of p and is viewed as an oriented 1 -cycle in M. 2 . This 
area integral clearly vanishes when b = a/ v2. What is interesting here is that the 
curvature of p never vanishes. Kinematically, we may think of p as describing the 
clockwise circular motion of a point about the counterclockwise circular motion 
of another point, where b and a are the corresponding radii. Geometrically, the 
integral vanishes because decomposes into four simple closed cycles enclosing 
oriented areas that cancel out when b = a/ y/2. The fact that the curvature is not 
zero is related to the fact that this curve has winding number 3, i.e., p does not 
possess a regular isotopy to the identity map of the unit circle S 1 . On the other 
hand, if a curve possesses such an isotopy and encloses vanishing area, it must 
intersect itself in such a way as to produce inflection points, i.e., the corresponding 
curvature function is signed. 

We now wish to adapt the kinematic interpretation of (12.11 ) to the unit sphere. 
To this end, we choose the vector U = (1/ \/3, 1 / V3, 1 / v^3)* as our central point, 
and we seek a curve whose trace is invariant under a rotation of 2ir/3 about the 
axis defined by this point. This will ensure that 

jxdy — ydx = j ydz — zdy = J zdx — xdz, (2.2) 

so we will only need to find parameter values that make one integral (and hence all 
three integrals) vanish. 



ON CURVES OF CONSTANT TORSION I 



5 



In what follows, we use (F)h to denote the k-th column of a frame F, and we 
extend U to an orthonormal frame C by setting V = (— l/vu, — l/v6, 2/y/E) t , 
W = U x T/ = (1/V2, -1/V2, Of, and C = (U, V, W). We will refer to C as 
the central frame. Now define i? t and St by 

/l \ /cost -suit 0\ 

i? t = cos t — sin £ I , St = sin t cos t . 
\0 sint cost / \ 1/ 

It follows that the right multiplications F ^ F R t and F ^ F St rotate F about 
its first and third column, respectively, by an angle t in the right handed sense. We 
further define the orthogonal matrix Q t by the formula (cf. (6l for example) 

Qt = I + sintU + (1 - cost) U 2 , 

where _ 

/ -1/V3 1/V3\ 
U= l/y/3 -1/V3 

V-1/V3 1/V3 / 
is the antisymmetric matrix associated to the vector U. We then have that the left 
multiplication C — > C rotates C about C7 by an angle i. 

Definition 2.1. We define the spherical (m, n) -epicycle with radii (a,/3) to be 
the curve B given by the rule 

B(t) = (Q m tCS a R nt Sp) 1 . (2.3) 

To motivate this definition, note first that (C S a )i is the vector U rotated about 
W through an angle a. It follows, for m 7^ 0, that (Q m t C S a )i traces out a cir- 
cle of geodesic radius a and center U on the sphere m times for < t < 2ir. 
To understand the epicyclic behavior, let us first define U(t, a) = {Q m t C S a )±, 
V(t,a) = (Q m t C S a )2, and W(t, a) = (Q m tC S a )s. From our previous defi- 
nitions, it is clear that right multiplication by R nt rotates the plane orthogonal to 
U(t,a) through an angle of nt. Let W(t,a) denote the image of W(t,a) un- 
der this rotation. Now, right multiplication by Sp rotates the plane orthogonal to 

W(t, a), moving U(t, a) by an angle /3. Thus B moves about a circle of geodesic 
radius (3 the center of which traces out the circle U (t, a). 

Note that, for any choice of (m,n), we have a family of curves that depend on 
the two parameters (a, (3). These curves will have the desired symmetry property 
if n is a multiple of 3. In this case, we expect to find a one-parameter family of 
epicycles for which the integrals (12.21 ) vanish. 

2.2. Two examples of closed curves of constant torsion. We will now discuss 
two examples of interest and use them as the basis for a conjecture. Note that, 
since the components of B in (12.31 ) are trigonometric polynomials, the integral 
equation relating a and (3 can be evaluated, but the result is unwieldy, in general. 
We therefore only state formulas for the special cases of a and ft that are of interest. 
Similarly, the curve 7 given by (11.11 ) can be exactly determined, but this formula 
is too complex to merit presentation. The torsion of 7 in both examples is r = 1. 
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Positive torsion means that the curves twist from left to right, and are said to be 
dextrorse. It is then trivial to produce similar examples with torsion r = — 1, 
which twist form right to left, and are said to be sinistrorse. 

For our first example, we set m = 1 and n = —3 in (12.31) . This produces a 
spherical analog to (12.11) . and the corresponding projected area integral for B is 
given by 



These parameter values produce the spherical curve of positive geodesic curva- 
ture shown in Figure Q] By virtue of Proposition 11.11 the corresponding curve of 
constant torsion, shown in Figure 12 has everywhere positive curvature. 



Figure 1. A spherical (1, —3) -epicycle with everywhere posi- 
tive geodesic curvature. 

Next, we consider the case when m = 2 and n = — 3, for which we obtain the 
area integral 



— / (xy' — y x')dt = 2 sin 2 a cos 2 /3 + (cos 2 a — 6 cos a + l) sin 2 (3. 



Jo 



When a = it /A, we find that this integral vanishes if 







(xy' — y x')dt = 2 sin 2 a cos 2 (5 + (l — 3 cos a + cos 2 a) sin 2 (5. 
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Figure 2. The unknotted curve of constant torsion and every- 
where positive curvature corresponding to the curve in Figure [TJ 

When a = it/ 3, we find that this integral vanishes if 



This case produces a spherical curve of signed geodesic curvature, which is shown 
in Figure [3] Here, the definition of signed geodesic curvature is the obvious analog 
for curves lying in surfaces of the definition of signed curvature given in Section[TJ 
The corresponding curve of constant torsion is shown in Figure 0] 

A comparison of Figures [3] and 0] shows a clear correspondence between the 
inflection points of B in Figure [3] and the positions of the points in Figure @] where 
the curve 7 passes through its rectifying plane. The latter lead to the crossings that 
one requires in a knotted curve. Hence, these pictures suggest the following. 

CONJECTURE 2.1. Closed, knotted curves of constant torsion must have signed 
curvature. 



We define an ovaloid to be a surface in M 3 that is strictly convex and geodesically 
complete. Such a surface is characterized by having the topology of a sphere and 
strictly positive Gaussian curvature. In this section, we first give an explicit char- 
acterization of curves of constant torsion on the sphere and conclude that closed 
curves of this type do not exist. We then discuss the problem of extending this 
nonexistence result to the general ovaloid. 




3. Curves of constant torsion on ovaloids 
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Figure 3. A spherical (2, — 3)-epicycle with signed geodesic 
curvature. This view and the symmetry of B shows that it has six 
inflection points. 



Figure 4. The trefoil knot of constant torsion and signed curva- 
ture corresponding to the curve in Figure [3] 
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3.1. Known results for spherical curves. It has long been known that the curva- 
ture k and torsion r of a spherical curve are related by the differential equation 



0. (3.1) 



T 
K 

Here the differentiation is with respect to the arclength parameter s. One may find 
this result in relatively recent books on differential geometry, such as lfTT1,[T2l . as 
well as (H. From this follow several interesting results, such as the fact that a 
closed spherical curve 7 satisfies the integral relations 

I n = K n rds = 0, n = 0,±l,±2,... (3.2) 

This is proven in Saban ifTTl . who goes on to show a sort of converse: if the 
integral I n vanishes for a fixed but arbitrary integer n > and for all closed curves 
7 on a surface M, then M is necessarily either a plane or a sphere. Breuer and 
Gottlieb H were able to integrate (13.11 ), and Wong E2l formulated their result as 
follows. 

THEOREM 3.1. AC 4 curve 7(s), parametrized by its arclength s, with curvature 
k and torsion r is a spherical curve if and only if 

A cos J t d<7 + l?sin J r do^j k(s) = 1, (3.3) 

where A and B are constants. Moreover, the curve lies on a sphere of radius 
VA 2 + B 2 . 

3.2. The case of constant torsion on the sphere. In what follows we will take 
the torsion r of the spherical curve 7 to be constant and the radius of the sphere 
to be one, centered at the origin. We also fix the position 7(0) of the zero of the 
arclength parameter so that the curvature of 7 is seen from (13.31 ) to be given by 

k(s) = sec(rs). 

The maximum arclength that 7 can have in this case is vr/|r|, and k(s) — >• ±00 as 
s — > ±7r/(2 |t|). It follows that there can be no smooth, regular closed curve of 
constant torsion since the curvature function of such a curve would necessarily be 
smooth and periodic. 

We would now like to give an explicit parametrization for curves of constant 
torsion on the sphere. One approach would be to integrate the Frenet equations 
(11.31 ). which would require two quadratures. We can eliminate one quadrature by 
using another moving frame adapted to the surface of the sphere. More precisely, 
consider the Darboux frame F = (t, u, v ), where t = T, v is the surface normal 
restricted to 7, and u = v x t is the tangent normal of the curve (cf. Ifl2l [T9l ). 
Since u = 7 on the unit sphere, we obtain 7 with one quadrature by integrating the 
following differential equation. 

'0 -Kg -1^ 

F' = FA, A = I K g J (3.4) 
1 
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Here n g denotes the geodesic curvature, which in our case is n g = tan(rs). To 
integrate this equation, we first observe that, since the flow preserves the length of 
the rows or columns of F, we may restrict our view to the unit sphere. Following 
DARBOUX Q and EISENHART (H, we stereographically project the sphere onto 
the plane and find that (13.41) is transformed into the Riccati equation 

d8 i ■ n * „2 
Setting 9{s) = ip(s) — tan(rs), we find that tp satisfies 



i// = f | + r^j sec 2 (rs) - ^ip 2 . 



We now change the independent variable by s = 2u/i and find that 

'1 - 2ir)sec 2 (2irn) - ip 2 . 



du 

The substitution ift = <p u /(j) then produces 

<f>" = (1 — 2ir) sec 2 (2iru) <j), 
and another change of independent variable a = tan(2iru) yields 

The solution to this equation is a linear combination of Legendre function^- This 
allows us to find an explicit closed form solution to the original differential equa- 
tion for a spherical curve of constant torsion. An example of a solution curve, 
rendered in (heavy) black, is shown in Figure [5] 

It is perhaps surprising that we have replaced a real linear differential equation 
of order three by a complex differential equation of order two, without ever really 
seeming to integrate anything. The explanation for this is as follows: the third order 
real differential equation describes a curve in the rotation group for the standard 
action of SO(3) on M 3 . However, we may realize this action in another way: the 
linear action of U(2) on C 2 preserves the unit sphere S s G C 2 , and the action of the 
subgroup SU(2) passes to the quotient S 2 of the sphere S 3 by U(l) (the Hopf map). 
This action passes to the quotient SU(2)/± = PSU(2) SO(3) and is realized as 
transformations on the complex plane by linear fractional transformations. 

Perhaps of more interest is that we now can (in principle) derive an analytic 
expression for the central angle £(t) between the two limit points of a curve with 
torsion r. (The formula would be complex.) It is of interest to note that the limiting 
value of C as r — > is n. A plot of the central angle versus the torsion is shown 
in Figure [6] Note that the orange (light) curve in Figure [5] is the trace of the limit 
points of 7 as r varies. The initial position and frame for 7 are the same for all 
values of r. 



^Recall that the general solution to the equation (l+x 2 )y" +2xy' +ky — for constant k = A(A+1) 
and y — y(x) is y = Cl P x {{^/T^Ak ~ l)/2, ix) + c 2 Q x {{^/T^Ak - l)/2, ix). 



ON CURVES OF CONSTANT TORSION I 



11 




FIGURE 5. A curve of constant torsion r = 1/2 on the unit sphere. 
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Figure 6. This log-log plot of ( versus r suggests that £(t) ~ 
c/r for large r and for some positive constant c. Note also that 

( — > 7r as r — > 0. 

3.3. Closed curves of constant torsion on ovaloids. First, we would like to point 
out that curves of constant torsion exist at least locally on arbitrary surfaces. They 
arise as solutions to the Darboux equations discussed below with the added con- 
dition (13.51) . The result is a system of algebraic differential equations that will be 
discussed more fully in (TJ. 

We have seen that there is no closed curve of nonzero constant torsion on the 
sphere. There are extensions of this result in a couple of different directions. As a 
first example, there is the following. 
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THEOREM 3.2. A simple closed curve that lies on the boundary of its convex hull, 
and without points of zero curvature, has at least four points where the torsion 
vanishes. 

This theorem may be found in (3l|2j[18l. There are even versions with singular 
points [16]. In particular, these imply that there is no simple closed curve of con- 
stant nonzero torsion on the surface of an ovaloid. However, it seems that it is still 
unknown whether or not one can find a closed curve of nonzero constant torsion 
on the surface of an ovaloid if the curve is not simple. We formalize this as 

CONJECTURE 3.3. There are no closed curves of nonzero constant torsion on an 
ovaloid. 

In support of this conjecture, if there are such curves, their torsion can not be 
too large, as we have the upper bound given in Theorem 13.41 Before proving this 
theorem, we recall some fundamental properties of curves on surfaces. Details may 
be found in Ifl9l 

For the sake of simplicity, we suppose that M is a surface with only isolated 
umbilics and that (^1,^2) are unit vector fields tangent to the principal directions 
in M. For a curve 7 in M, we define ■& to be the directed angle from £1 to the unit 
tangent T of 7, and we define tp to be the directed angle from the principal normal 
N of 7 to the surface normal v. As in the spherical case, we define the Darboux 
frame to be F = (t, u, v), where t = T, v is the surface normal restricted to 7, and 
u = v x t is the tangent normal of the curve. In this general context, the Darboux 
equations become 

(0 — Kg — K n \ 

Kg ~Tg , 

K n Tg / 

where n g , K n , and r g are, respectively, the geodesic curvature, the normal curva- 
ture, and the geodesic torsion of 7. Note that the Frenet and Darboux frames are 
related by the change of gauge that rotates the normal plane of 7 through an angle 
of (p — it/2, taking N to u and B to v. The geodesic torsion r g is related to the 
principal curvatures k\ and hi and the torsion r by the equations 

T g = r + <p' = -(k2 — Ki) sin (3.5) 

THEOREM 3.4. Let p, be the maximum difference of the two principal curvatures on 
a compact surface M. Then a closed curve 7 of constant torsion t on M satisfies 

1 1 J 

H<2- 

Proof. By virtue of ( 13.51 ), we have 

ip' = — (k2 — K\) sint? — r. 

Hence, if r > fi/2, we must have that ip' < and therefore that ip is a mono- 
tonically decreasing function. Similarly, if r < —p/2, then p must be increasing. 
However, this is not possible, since ip must be periodic. □ 
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Suppose, now, that M is an ovaloid. An immediate consequence of Theorem 
13.41 is that, if M is nearly spherical, \i will be small, and hence any closed curve 
of nonzero constant torsion must be nearly planar. However, Theorem [3T2] makes it 
seem unlikely that such curves exist. In the limiting case when \i — > 0, M becomes 
a sphere, and the corresponding curves would become circles. 

In addition to this, there are infinitely many integral constraints that a closed 
curve of constant torsion on any surface must satisfy. First of all, integrating (13.51 ) 
once around the curve yields 

T g ds = tL, 

where L is the arclength of the curve. Furthermore, suppose that 5 is the spherical 
image of the curve 7 under the Gauss map of the surface (i.e. 5 = v 07). Then, by 
(13.21 ). we have 

J k^T S ds = 0, n = 0, ±1, ±2, . . . 

where kg and t$ denote the curvature and torsion of 5, respectively, and s is the 
arclength parameter of 6. We can pull all of these constraints back via the map v* 
to the surface M to realize them as constraints on our curve 7. It seems plausible 
that these constraints will force r to be zero if we add the condition that M is an 
ovaloid, but we have not yet managed to do this. Finally, we point out that we do 
believe closed curves of nonzero constant torsion exist on surfaces with regions 
of negative Gaussian curvature, such as the standard torus in M 3 , and we hope to 
provide examples in our forthcoming paper (T). 

4. Notes 

As we were finishing this work, two articles came to our attention that are 
closely related to this paper. 

(1) In a brief note in 1977, WEINER [21J has a similar discussion of a closed 
curve of constant torsion with positive curvature, but he does not provide a 
picture. We feel that our more general approach is worthy of consideration, 
and we point out that Conjecture 12. 1[ to the best of our knowledge, is new. 
What is remarkable here is that we were both inspired by the identical 
planar curve! 

(2) A preprint by KAZARAS and STERLING [13] gives a different characteri- 
zation for a spherical curve of constant torsion than ours. The difference 
here is that we wind up with rational functions of Legendre functions, and 
they wind up with power series of hypergeometric functions. 
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